We present an extension of Staruszkiewicz's modification of the Schrödinger equation which preserves its main and unique feature: the modification terms do not contain any dimensional constants. The extension, similarly as the original, is formulated in a three-dimensional space. It is demonstrated that none of the terms of the extended version of the modification admits the separability of composite systems. In its general form, this modification does not allow for the existence of stationary states in an arbitrary potential in which such states exist for the Schrödinger equation. However, this can be arranged for by fixing free parameters of the modification. It is only in the original Staruszkiewicz modification that the energy levels of these states remain unmodified, which marks the uniqueness of this variant of the modification. Some comparisons with other notable modifications of the Schrödinger equation are also made.
Several years ago Staruszkiewicz [1] proposed unique for three dimensions a modification of the fundamental equation of quantum mechanics by suggesting that the term γ 2
(∆S)
2 be added to its action density. Here and in what follows S stands for the phase of the wave function Ψ = Re iS . The unique character of this modification lies in the fact that the constant γ is dimensionless in the system of natural unitsh = c = 1 in three dimensions. This is unlike in any other modification put forward so far, the most notable examples being the modification by Bia lynicki-Birula and Mycielski [2] , a very general modification of Weinberg [3] , and recently studied very extensively the modification of Doebner and Goldin [4] . Each of these modifications introduces some dimensional parameters, the last of them in the total number of six. The Staruszkiewicz modification, similarly as the modifications of Weinberg and Bia lynicki-Birula and Mycielski, is Galilean invariant for any value of its coupling constant. For comparison, the Doebner and Goldin modification preserves the Galilean invariance only for a certain selection of the free parameters.
It is the purpose of the present report to show that the original Staruszkiewicz modification can be even further extended preserving its main feature just elaborated on. We will formulate the extension for a three-dimensional space. In fact, as we will see, it is in this dimension that the proposed extension results in much greater complexity than it is the case for lower dimensions. To put our work in a proper perspective, let us first briefly recall the details of the Staruszkiewicz modification.
When the Lagrangian density for the Schrödinger equation
is supplemented by the term mentioned above the resulting action for the Schrödinger equation in the hydrodynamic formulation,
Only the first of these equations is different compared to what one obtains for the standard Schrödinger equation in this representation. It is the continuity equation for the current
and the probability density ρ = R 2 . The physically acceptable solutions to (2) and (3) are those that are both normalizable in the sense of d 3 x R 2 = 1 and satisfy the condition of finite energy
It turns out that this condition discriminate possible solutions rather severly. For instance, as found in [1] ordinary Gaussian wave packets do not meet it. One easily observes that the ∆S term equals
) and so is homogeneous of degree zero in Ψ and Ψ * . However, this is not the only term built from Ψ and Ψ * that has this property, being Galilean invariant at the same time. Terms of the form ∇lnaΨΨ * or ∆lnaΨΨ * satisfy these conditions as well and thus can be used to construct the Lagrangian density for an extended version of the Staruszkiewicz modification. It is straightforward to convince oneself that in three dimensions this density is
Some of the terms in the Lagrangian for this modification contain similar expressions. To avoid repeating them we rewrite it as
where
(with ϕ = (R, S), i = 1, 2) derived for the modified Lagrangian read
One can represent these equations by a single equation for the wave function Ψ
where F [Ψ, Ψ * ] is a certain functional of Ψ and Ψ * . Since we will not make any use of the explicit form of F [Ψ, Ψ * ], we do not quote it here. For the special case of the original Staruszkiewicz modification this functional is presented in [5] .
The modification in question does not, in general, admit stationary states for which S =
−Et h
in an arbitrary potential that supports these states in linear quantum mechanics. Such states, of energy E, are the only stationary states allowed by the Schrödinger equation. In the hydrodynamic formalism employed they can be obtained from the stationarity condition
However, by demanding that such states exist for all the potentials for which they are allowed by the Schrödinger equation, one is able to limit the number of undetermined constants. To this end, let us notice that this condition applied to (6) engenders that
where f is a harmonic function, as it must satisfy ∆f = 0. This last relation, notwithstanding a particular form of f , imposes a constraint on R causing that (7) is satisfied only by a selected class of potentials V and not all those that support stationary states for the linear Schrödinger equation.
To avoid this limitation one needs to put c 2 = c 3 = 0. Under these circumstances the equation that determines the energy of stationary states reads
It can be further noted that the energy levels remain unmodified only if c 4 = c 5 = c 6 = 0, which clearly and uniquely singles out the original Staruszkiewicz modification. However, the discussed stationary states may not be the only stationary solutions of the modification. As a matter of fact, unlike in the case of the Schrödinger equation, the condition (8) leaves room for more possibilities than the ones complying with the equation S = −Et. With this condition put to work, they can be obtained by solving eqs. (6-7). The energy functional for our modification is given by the following integral
As one would expect it, the constant a does not appear in the equations of motions nor does it in the above integral and the only new constants are dimensionless. A similar construction cannot be performed for a three-dimensional space-time. It is ruled out by the requirement that the Lagrangian is a scalar. The same applies to any other odd dimensional space-time. In two dimensions the only terms contributing to the equations of motion are ∆lnaR 2 and (∇lnaR 2 ) 2 . It is only in the actual fourdimensional space-time that a cornucopia of new terms emerges, some of them including the phase of the wave function in an explicit manner. In higher dimensions the number of terms that preserve the Galilean invariance of the Schrödinger equation and do not introduce dimensional constants becomes considerably greater.
The Schrödinger equation is invariant under the rescaling of the wave function by an arbitrary complex constant, Ψ ′ = λΨ, which reflects the homogeneity of this equation. This, however, is not the case for the discussed modification as can be seen from its Lagrangian or eqs.(6-7). As a result, the Staruszkiewicz modification does not allow for the separability of noninteracting composed systems [2] , a point to be discussed soon. The issue of physical relevance of the homogeneity of the Schrödinger equation deserves some attention. It is rather disputable that this property is underlied by or entails any physically important principle. This seems to be corraborated by the fact, purely mathematical in its nature, that the time-independent Schrödinger equation as a linear homogeneous differential equation of second order is completely equivalent to the generalized Riccati equation which is a nonlinear nonhomogeneous differential equation of first order [6] . Weinberg has recently elevated the discussed feature of the Schrödinger equation to one of fundamental assumptions of his original modification of the linear framework of quantum mechanics [3] . However, despite Weinberg's hope that the homogeneity may eliminate the need to resort to special forms of modification terms to ensure the separability of composed systems [7] , the homogeneity does not always entail the separability, as demonstrated in [8] . While in the case under study it is true that compromising the homogeneity does result in the nonseparability of the modified Schrödinger equation, the same can also happen for homogeneous modifications of this equation.
Unlike its homogeneity, the separability of the Schrödinger equation is much more appealing on physical grounds and as such one would like to have it preserved in a modified Schrödinger equation. Unfortunately, in general, this property cannot be maintained in nonlinear wave mechanics, which means that in a system consisting of two particles the very existence of one of them influences the wave function of the other due to a nonlinear coupling. Thus, even in the absence of forces the rest of the world influences the behavior of an isolated particle. As emphasized in [2] , this is not necessarily a physically sound situation. The Staruszkiewicz modification, both its original and extended version, violates this property, in which it is similar to another well known modification usually refered to as the cubic Schrödinger equation for it extends this equation by the term |Ψ| 2 Ψ. On the other hand, this is what differs it from some other notable modifications of the Schrödinger equation, to name only the most researched ones, Bia lynicki-Birula and Mycielski's [2] and Doebner and Goldin's [4] . To see how this comes about, let us start by demonstrating the separability of composed systems for the Schrödinger equation in the hydrodynamic formulation. We are considering a physical system made up of two noninteracting subsystems in the sense that
t).
We will show that one can write a solution of the Schrödinger equation for this system in the form of the product of wave functions for individual subsystems, that is Ψ( x 2 , t) )}. The Schrödinger equation for the total system, assuming that the subsystems have the same mass m, reads now
where we used the fact that ∇ 1 · ∇ 2 = 0. What we obtained is a system of two equations each of them consisting of terms (in square brackets) that pertain to only one of the subsystems. By dividing the first equation by R 2 1 R 2 2 and the second by R 1 R 2 one completes the separation of the Schrödinger equation and shows that indeed the product of wave functions of subsystems provides the wave function for the total system. This is however not so for the Staruszkiewicz modification which is particularly easy to demonstrate for its original formulation. In this case the continuity equation for our composite system reads h ∂R
and can be brought to
which clearly shows that in this situation the separation of subsystems cannot be acomplished due to the modification term. In the similar manner, one can prove that the same holds true for other terms of the discussed modification.
Even if it may appear to be relatively easy to propose a modification of Schrödinger's equation, it is rather difficult to come up with a wide array of physically sensible assumptions the modifications of this equation should satisfy. The modification of Bia lynicki-Birula and Mycielski was first to emphasize the physical significance of the postulate of separability of composite systems. Other attempts at modifying this equation, mentioned above, satisfy this postulate as well. Nevertheless, it is not entirely clear to what extent one can consider components of a composite quantum-mechanical system to be separable and thus what status one should ascribe to the postulate in question. Being a natural feature of the Schrödinger equation, it may not necessarily reflect any physical property of quantummechanical reality, similarly as the equation itself does not incorporate the collapse of the wave function. As pointed out by the celebrated experiments of Aspect's team [9, 10] , the inseparability of composed systems is an intrinsic property of this reality. Even if these experiments concerned initially correlated subsystems, one should note that the nonseparability is also encoded in the KleinGordon equation for arbitrary such systems.
1 Therefore, if one believes that the reality is ultimately relativistic, one is persuaded to abandon the separability in the quantum realm entirely.
Since it seems nontrivial to construct a modification of Schrödinger's equation implementing the discussed feature there may be only a limited class of modifications of this kind. In this respect, the postulate of separability offers a certain way to restrict the number of all conceivable modifications. One can also use it to classify the modifications into those which meet it and the remaining ones. The modifications from the latter category would be deemed physically attractive by arguments of a different kind, be it of simplicity or integrability as is the case for the cubic Schrödinger equation or of some particular or desirable properties. On the other hand, if one modifies the Schrödinger equation in an attempt to incorporate the collapse of wave function into it, the discussed postulate may be overly restrictive. It is plausible that without a coupling with the rest of the world the collapse of wave function of an individual system may never take place. Moreover, it is not out of the question that to solve the problem of the collapse by introducing such a nonlinear coupling one needs to give up all features of the linear Schrödinger equation and not only some of them. Therefore, it seems to be justifiable to study also these modifications of this equation that do not satisfy the assumption of separability, especially if they possess certain attractive, unique features as the modification discussed here.
It is not clear how to interpret the new terms of Lagrangian (4) or (5) and what is their physical significance. In fact, this plethora of terms can be slightly discouraging as it is now in a sharp contrast with the original Staruszkiewicz modification involving only one dimensionless constant. It was this uniqueness of Staruszkiewicz's modification that would give it some advantage over other extensions of the fundamental equation of quantum mechanics. One should however be stressed that this situation is quite typical for modifications of the Schrödinger equation. The Doebner-Goldin modification introduces exactly the same number of terms, although one of them needs to be discarded if its equations are to be Galilean invariant, and the number of terms in the Weinberg modification does not seem to be limited by any physical principle as well. The simplest of them, the modification of Bia lynicki-Birula and Mycielski leads to only one new physically relevant constant, which is solely due to a certain simplyfying condition. This condition carries no physical contents, though. We propose to call the dimensionless parameters of this extended modification the Staruszkiewicz quantum numbers in analogy with hydrodynamical Reynolds numbers, in part because the hydrodynamic formulation seems to be the most convenient to study the modification discussed and in part because of their dimensionless nature. The simplest solution to this problem of abundance of terms is to subject them to a test of physical plausibility which, as demonstrated above, only the term suggested by Staruszkiewicz can pass. Other terms would necessarily change energy levels of known quantum systems. While one can probably make these changes arbitrarily small by imposing appropriate constraints on the Staruszkiewicz quantum numbers, it is certainly more elegant to choose another option which consist in admiting only the terms that do not affect the stationary states of quantummechanical systems. It is only the original Staruszkiewicz model that meets this requirement. In this respect, the modification proposed by Staruszkiewicz differs from the proposals of Bia lynicki-Birula and Mycielski, Weinberg, and Doebner-Goldin, as all of them imply changes in energy levels of known quantum systems by some finite, measurable, at least in principle, values.
It is perhaps worth noticing that space-time dimension four is very critical for the modifications of this type. It is only in this dimension that the phase of wave function becomes of relevance showing up in the equations of motion. Considering the pervasive role the phase of wave function plays in quantum mechanics, one formulation of which is not without a good reason called "wave mechanics," one can wonder, although it may involve a giant stretch of imagination, if this suggests that dimension four is also critical for the collapse of wave function. Quite independently, our observation squares with some speculations of Penrose [11] and others [12] who point out that gravity may play some role in this process. Since it is only in dimension four and higher that gravity becomes a long-range force capable of inducing changes in the environment of a system so as to possibly affect the collapse of its wave function, it would be interesting to see if gravitational corrections to the Schrödinger equation are capable of producing terms that could introduce nonseparability of the kind studied here. It would be particularly interesting to examine whether the corrections in question can lead to the original Staruszkiewicz model that represents the minimal and thus most acceptable modification in its class as shown in the paper presented. On the other hand, if no such corrections arise within general relativity it may be tempting to inquire how one should modify general relativity itself to accomplish this goal. We think that this question deserves further study, but find it premature to address it thoroughly in the present paper [13] .
